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An eulerian code is used for the numerical solution of the one-dimensional relativistic 

Vlasov-Maxwell equations to study laser-plasma interaction, in the strongly relativistic 

regime [1]. The code applies a numerical scheme based on a two-dimensional advection 

technique, of second order accuracy in time-step, where the value of the distribution function 

is advanced in time by interpolating in two dimensions along the characteristics using a 

tensor product of cubic B-splines [2]. Both electrons and ions are included in the simulation. 

Non-periodic boundary conditions are used. At low laser intensities, in the weakly 

relativistic regimes, the instabilities reduce to Raman instabilities in which the 

electromagnetic (EM) wave decays into a resonant plasma wave and Stokes and also anti-

Stokes waves. Recently, different couplings have been also discussed for intense laser lights 

[3,4], which include electron acoustic waves whose frequency is below the plasma 

frequency. In the present work, we consider the case of an intense pump of circularly 

polarized EM wave, with a quiver momentum 5.0/0 ?? cmpa eosc . The electrons are 

brought deeply to relativistic quiver velocities by interacting with the wave field, and laser 

light is subject to regimes of instabilities where the Fourier modes are strongly coupled.  

The relevant equations 

The one-dimensional Vlasov equations for the electron distribution function ),,( tpxf xee  and 

ion distribution function ),,( tpxf xii  are given by [1,2]: 
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Time t is normalized to 1/
pey , length is normalized to 1

0
/? pecl y , velocity and momentum are 

normalized respectively to the velocity of light c, and to cM e . In our normalized units 

1?em  for the electrons, and iei MMm /?  for the ions. The indices e and i refers to 

electrons and ions. In the direction normal to x, the canonical momentum written in our 

normalized units as ``` ? apP ieie

E
B

EE
,,  is conserved. ieP ,`

E
 can be chosen initially to be zero, so 
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that `` ‒? ap ie

EE
,  (the vector potential `a

E
 is normalized to ecM e / ). 

x
Ex •

•
/?

l
and 

t

a
E

•
•

/? `
`

EE
, * + * +* + 2/12

,

2

,,, 1 `--? ampm ieixeieiei . The transverse EM fields  , zy BE and 

 , yz BE for the circularly polarized wave obey Maxwell’s equations. With zy BEE ‒?‒  and 

yz BEF ‒?‒ , we have: 
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which are integrated along their vacuum characteristic x=t. In our normalized units : 
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Results 

The circularly polarized EM wave is excited at the left boundary x=0, where the forward 

propagating waves -E  and /F  are excited in vacuum with 5.0/0 ?? ` cmaea e , and a 

wave frequency 3696.1/0 ?peyy , 533.0// 2

0

2

0 …? yy pcritnn  so that the density is above 

quarter critical. The results show the presence of stimulated electron acoustic wave 

scattering (SEAWS), similar to what has been described in [5]. Its spectrum is explained by 

a resonant three-wave parametric decay of the laser pump into the Stokes and anti-Stokes 

light sidebands and the EAW. Because of the high intensities, the Fourier modes are strongly 

coupled, with the growth of several neighbouring modes observed, and broad spectra around 

the maxima. Ion dynamics is included and shows in this early stage a strong modulation of 

the ion distribution function. Fig.(1) shows the frequency spectrum of the longitudinal 

plasma electric field Ex , with a broad peak at 5478.0?eawy , followed by peaks at 

1.232,1.643,1.917,2.328,2.739. In Fig.(2) the plasma wavenumber spectrum has a broad 

peak at 9587.0?eawk , with other peaks at 0.5478,1.643,2.19,2.602,3.425. The dominant 

peaks at ( eawy , eawk ) have been identified as an electron acoustic wave (note that in [5] the 

wave frequency 0y  is used for normalization instead of pey ). Fig.(3) shows the frequency 

spectrum of the EM wave at a point in vacuum at the left boundary. The full curve is for the 

incident forward EM wave /F ,( it has a broad peak at 3696.10 ?y ), and the broken curve 

is for the backward -F  wave (peaks at 0.8217,1.3696,1.78,2.054,2.739). Similar curves are 

obtained for -E  and /E . Fig.(4) shows the frequency spectrum of the forward EM wave 
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/F  inside the plasma at x=6.28 (full curve peaks at the pump frequency 3696.10 ?y , the 

scattered Stokes frequency 8217.0?sy , the anti-Stokes at 1.9174, and the frequencies 2.2, 

2.739) , and the backward wave -F  (broken curve, peaks at 0.8217,1.3696,2.602). The 

corresponding wavenumber spectrum of /F  has the dominant peak at k0 = 1.095, and peaks 

at 0.1369, 0.5479, 1.75, 2.2, 2.6. The electromagnetic waves verify the relation 

22

,0

122

,0 ck seps -@>? /iyy , or in our normalized units ?2

,0 sy  2

,0

1

se k-@> /i . With 

3696.10 ?y  and 095.10 ?k , we can derive 6768.01 @?> /
ei . The backward and forward 

scattered modes were driven with 0…sk , so that @>… /1

es iy  = 0.8226. This corresponds 

very well to the forward and backward wave peaks at 0.8217 observed in Fig.(4). We can 

check the relation …-? eaws yyy0  0.8217+0.5478, and eaweaws kkkk …-‒?0 . (The 

wavenumber spectra of the forward and backward wave /F  and -F  show a peak at 

kk s F?… 13696.0 , but this is the lowest resolution, so that sk  could be in fact much 

smaller). Note that the frequency at 2.739 and wavenumber at 2.20 for the plasma waves in 

Figs.(1-2) are harmonics of ),( 00 ky , as previously discussed in [2]. For the anti-Stokes 

coupling, we take from the spectrum of /F  9174.1?asy  (see Fig.(4)), 75.1?ask  which 

satisfies 212

aseas k-@?> /iy , and which verifies eawas yyy -? 0  5478.03696.1 -… , 

…-? eawas kkk 0  1.095+0.7 (note in Fig.(2) the broad peak at keaw =0.95). The electron 

density (initially equal to 1 in the central region) is shown in Fig.(5) at t= 71.4 (full curve), 

which shows spikes developing surrounded by depleted regions as the wave penetrates. The 

ion density (broken curve) remains essentially close to the original profile, although the 

phase-space contour plot in Fig.(8) of the ion distribution function shows a strong 

modulation. Fig.(6) shows the profile of the forward wave /F  (full curve) and backward 

wave -F  (broken curve) at t= 71.4. The contour plot of the electron distribution function is 

shown in Fig.(7) at t= 71.4 and shows complex vortices developing. 
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               Fig.1                                                        Fig.2                                           

                        

               Fig.3                                                        Fig.4                                              

                   

               Fig.5                                                        Fig.6                                                 

 

                        

                 Fig.7 Contour plot of the                       Fig.8 Contour plot of the ion   

                 Electron distribution function                  distribution function, t= 71.4. 
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