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Abstract

The linear response of a dusty (complex) plasma to a movisigctearge can be de-
termined using an appropriate plasma dielectric functiwh @ three dimensional Fourier
analysis. Many analytical results have been found for alglovoving test charge. For in-
termediate and large velocities numerical methods of natémn are commonly used. How-
ever general asymptotic results valid at large distancededound, using a combination
of the residue calculus applied to the zeroes of the diétefatnction and the method of sta-
tionary phase for integration over a wave vector comporim. method can be expressed
in terms of conditions on the group and phase velocity of wanehe reference frame of
the moving test charge. In particular for a given radial clicn the asymptotic response is
determined by wave vectors for which the group velocity reclied radially outwards. The
analysis is close to that due to Kelvin for ship waves in deaew An essential difference
is that in the present case three spatial dimensions arévet/instead of only two, and

also that the dispersion relation for plasma waves is momgptioated.

Introduction

The field of dusty or complex plasmas has been one of the fagt@sing areas of plasma
physics research. In the test charge approach the plaspansesto a localised perturbation is
studied by calculating the electrostatic potential of & tdsrge moving through the plasma.
The asymptotic form of the wake potential is here found usigmethod of stationary phase.

The results can be related to the Kelvin ship wave analysig][1

Responseto a moving test charge
For a test chargeg, moving with velocityV, through a plasma, the general expression for the

electrostatic potential is given by [3],

O expiK -r] e
¢787T350, KZD(K,w)5(w K-V,;) dwdK (1)

whereD (K, w) is the dielectric constant function. For the case of a plagsitia a cold dust

component and including charging dynamics this is giverhieyeixpression,
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whereK; = /K2 + K2, A= (K2 /K?)(v/w) andK, = +/4T8yN30Q,0/ Qyo- The frequen-
ciesvy = Qo andQ,, are as defined by Melandsg [4] angl is the dust plasma frequency.
Here it is assumed thaf << w. Now we introduce cylindrical coordinatég, {/, z) where the
z-axis is parallel to the test charge velocity. We then havé - r = K, pcosy + KIIZ’ whereK||

(= Kz andK, (=K,) are the parallel and perpendicular components of the gtz vector

K. Carrying out the integrations over andK , Eq. (1) now gives

i 3 (K, p)exp(i¢2)
éo/ +(w/V}) > ( Kf+(00/\/t)27w>KLdKLd°" (3)

whereJ, (K, p) is the zero order Bessel function. (The integration ovedienction replaces

Qt/go

._,<|H

K|| by w/V;.) In order to solve the above Eq. (3), we look for the poles, ivhenD (K, w) =

D ( K2 4 (/)2 oo) = 0. Assuming that poles lie @ = w, wherew, = w,g+iw,, and

w,, < 0 (since the plasma is stable) we may write

D(K,w)~ D (K, w) +Z—Z(w wh) + O(w— an)?

where the first term on the right hand side is zero. Using tlevelequation and by residue

theory we may write Eqg. (3) faz < 0 as a sum over the poles as follows,

- 7 h(p exp(i%z> K, dK (4)
- 2\, 1N
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For z> 0 the response = 0. Now the Bessel functiod, (K, p) takes the formJ, (K, p) =
\/2/nK p{cos(K, p— %)} forlarge argument [5]. Using this expression for the Befiset-

tion, Eq. (4) may be written in simplified form as

/80 Z /exp il Lpi “RZ— >}exp[Bn|z|]K K )
T 1 1
m Vi %2 +(60/M)?) Bl
where 3, = —w,,/V; The terms ing are seen to be spatially damped over lengtf\g,1=

V;/|wy,|. For the case of a dusty plasma with dynamical charging Bam&¥ be approximately
solved for weak damping to show thatA > 2(K, /K4.)?\t/V, So that for smalkK,, the
damping length is large comparedig' v,. Asymptotic approximations for Eq. (5) may now be
found using the stationary phase method for lgggeandz
Asymptotic form of the wake-potential

The method of stationary phase [6] may be applied to an iatedthe form,

f(xt) = [ explin () F (k) dk ©®)
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with n (k) = kx— w(k)t, whereF (k) andn (k) are real functions and bothandt are large.
The contributions to the integral where there are rapidlasicins due to the changing phage
will average to zero. The only contributions come near etetiy points wherg’(k) = 0 that is
wherew' = x/t. By expanding} (k) in a Taylor series about these stationary pokntsks, the
asymptotic form of the integral (for largeandt) can be obtained by summing the contributions

from the neighbourhoods of each of these points.
Z 7w, e'"/4 exp(in (ks)) F (ks) ()
Comparing Eq. (6) with Eqg. (5) we make the following idenafions,
X=+p; t— k=K, wk) =awrK),)

Vi
The remaining terms in the integrand of Eq. (5) grouped togredire equivalent té (k). The

stationary phase condition is now,

l1dwg b
o+ g 2= =0 (8)
Using the condition for a polew, that D(|K|, wh) = 0, where|K| = Kf+(cqq/\/t)2, the
derivatived w,r/d K, inthe stationary phase condition Eq. (8) is found to be glvgn
idwnR:7 VglK, /IK]] :7\@ ©)
VidK, Vglane/(MIKDT =V Vg,

HereVg is the group velocity in the plasma rest frame afig= V4 V, is the group velocity
in a frame moving with the test charge velocity. From Eqs a8 (9) it follows thaw/, /Vg, =
|p|/zi.e. the group velocity in the moving frame must be in the ctien of the radial vector
from the test charge. This is the basic condition needed tbtfia wake pattern in the Kelvin
analysis of ship waves [2].

To find the asymptotic expression for the response potamdiay Eg. (7) we use,

[P e A [ WK /KD _
°’<ks>[dKf]K TS [V[wnR/<vt|K|>1vtL_K =AK.L(0) (1)

whereK, (0) are those values d&f, that satisfy the stationary phase condition Eq. (8) for a
given p/z = tanB where8 is the angle between the radial vector from the test chardetan

velocity ;. Finally the asymptotic form of Eq. (7) may now be written as,

iq VK s exp{il < PtV “RZ— —> } expl—Bn|Z]]

2y s VINK, JVipz (K2 + (an/W)?) |98

Here it should be noted that several terms, W, B, - - -) depend implicitly on orK, (6) and
the angled (tanf = p/2).

(11)
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Discussion

In this paper, we have found analytical results for the waktemtial of a moving test charge
in a multi-component dusty plasma using the method of statipphase. The derivation leads to
the two conditions used in Kelvin ship wave analysis: (i) Bineup velocityV'y in the moving
frame is in the radial direction from the test charge. (iileTtomponent of the test charge
velocity V; in the direction of the wave vector is equal to the phase #gla6 of the waves
(K.Vi{ = KV, = w). These two conditions together with a relation betweergtbep and phase
velocities are sufficient to determine the small scale stinexf the wake [2]. In the case of dust
acoustic wave¥y [ VS (for ship waves/y = Vp/2) and numerical results [7] confirm that the
small scale wake structure is close to that given by such afreddelvin wave analysis. The
stationary phase analysis performed here also in pricipksghe asymptotic slowly varying

amplitude of the spatial oscillations, Eq. (11).
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