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Introduction.

We analytically derive the structures of the low-frequency shear Alfvén continuous spectrum
due to resonant wave-particle interactions with magnetically trapped thermal ions [1]. Our the-
oretical description asymptotically recovers known results in the relevant limits at both high [2]
and low frequencies [3]; furthermore, it is relevant for assessing the accurate kinetic structures
that are due to shear Alfvén and acoustic wave spectra in toroidal geometry [1]. Since there is
a continuous transition between various shear Alfvén wave and MHD fluctuation branches in
many situations of experimental interest [1, 4], the results reported in the present work are of
practical relevance for their interpretation when used in the theoretical framework of the general
“fishbone-like” dispersion relation [5, 6].

Derivation of the kinetic-inertial layer response.

Since the early observation of Beta induced Alfvén Eigenmodes (BAE), connected with sig-
nificant redistribution of supra-thermal ions generated by Neutral Beam lon (NBI) heating [7],
significant attention was devoted to exploring low frequency Alfvénic fluctuations in toroidal
confinement devices. Here, by low frequency we meanr< wa = va/dqRoy, withva = B/\/41p
the local Alfvén speedp the plasma mass densitythe safety factor an&g the torus major
radius. A variety of experimental observations have recently renewed the interest in the detailed
structures of the Alfvén continuum at low frequencies; e.g., the observation of a broad band dis-
crete Alfvén spectrum in DIII-D (with toroidal mode numbers in the range2 - 40), excited
by both energetic ions (low-n) and thermal ions (high-n) [8] as earlier predicted by theory [2, 9].

A discussion of the connection between low frequency shear Alfvén waves (SAW), MHD
fluctuations, Geodesic Acoustic Modes (GAM) [10] and Zonal Flows (ZF) [11] can be found in
[1, 4, 6] and references therein, along with a brief summary of experimental evidences, which
support the concept that apparently different observations of SAW and MHD modes can be
all described within the unified theoretical framework provided by the general “fishbone-like”
dispersion relation [5, 6]:

iN(w) = OWr + Wik 1)

which is based on the two scale-length essence of singular (inertial/kinetic) and regular (ideal
MHD) structures of the underlying fluctuations. Here, the left hand side (LHS) is the inertial
(kinetic) layer contribution due to thermal particles, while the right hand side (RHS) comes
from background MHD and energetic particle contributions in the regular ideal regions.
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The scope of this work is to summarize the results of Ref. [d]tarprovide a syntetic deriva-
tion of the general expression 6f w), which may be used in Eq. (1) in the whole frequency
range O< |w| < wa. We show that the generalexpression asymptotically recovers known re-
sults: at low frequencyw| < waj, the Graves and Hastie [3] form of the MHD inertia enhance-
ment is reproduced, whereas at high frequenaigs < wr; ~ |w| < wa, the former kinetic
theory result of Ref. [2] is obtained. As corollaries of our derivation, we confirm prior results
showing BAE/GAM degeneracy in the long wavelength limit [5, 6, 12] and the identity [12]
of the MHD inertia enhancement factor to the ZF polarizability induced by ion temperature
gradient (ITG) turbulence [13].

We consider a low ~ £2 axisymmetric tokamak plasma equilibrium with shifted circular
flux surfaces, where magnetic sheat rq’/q anda = —Ryg?B’ define a two-parameter set of
plasma equilibria.We also employ straight magnetic field line toroidal coordifrates! ), with
r the radial-like flux coordinate} the poloidal angle and the generalized toroidal coordinate
chosen such that=B-¢ /B- 03 = q(r); meanwhile, prime denotes derivation with respect to
r. Furthermore, for the sake of simplicity, we treat all trapped patrticles as deeply trapped (i.e.,
characterized by harmonic motion between magnetic mirror points) and consider circulating
particles as well circulating (i.e., characterized by constant parallel velocity). Analytic solutions
of the coupled system of quasi-neutrality condition and vorticity equation are found for the
scalar fieldsd ¢ (scalar potential) and ¢, defined such ab- 05y = (—1/c)ddA| (A the
parallel vector potential), which fully describe SAW and slow magneto-acoustic wave (SMW)
once the fast wave is eliminated assuming perpendicular pressure balance. Solutions at the
leading order in an asymptotic expansion in the smallness paramédigrshow thaid ¢ can be
written asd @~ o @+ sindd @ andd Y ~ d Yp, with d @, o @ andd yp slowly varying functions
along the equilibriunB field (flute-like). One generally ha8¢ = lo(w/wpi, W/ Wpe)d Yo,
with

< W W ) 3 V2eT (L(w/®pi) + T 1L(w/@pe) )
lo( =—,=— | =1+ — — 2)
Wpi Wpe 1+ TWini/ W+ V2€T [1— Wi/ 0 — M(w/@pj) — T-IM(w/@pe)]
describing the non-vanishing “flute-like” component of the parallel electric field due to the
effect of trapped thermal particle precession resonance, which becomes negligibly small for
|| > |wpil, |@wpe|- Here,wps = nq/(rRo)(cTs) /(esBo) for s=e,i is the deeply trapped particle
precession frequency,= Te/T;, € = /Ry,

() - -2 {0 se 350 [0 B2 (/)]

- e (2) 7 2(V2)] @
()= -2fa-sriem) b ()2 (/)]
~ap 33+ () + () 2(/2)]} @

withZ(x) =1/ [, e‘yz/(y—x) dy, w.ns= (Tsc/esB)(kx b)- [ ns)/nsandw,.ts= (TsC/esB)
(kxb)- [0 Ts)/Ts. One can also demonstraig; = S(w, wpj, wai, wri) (i/NQ)r I @, With wrij =
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(2T /m1)Y/2/(qRy) the circulating ion transit andi; = (£/2)Y2wr; the deeply trapped ion
bounce frequency. Meanwhile, the implicit definitionS§to, cp;, ws;, wri) is given by
W :

T Ni(22) + ANy (£2) + V/2ePy (-, &b | idicm, )

1+ 24 Dy(2) +D1(2) + V28 [Pu(, ) — Pp( 2, &) | naor
wherePy (w/wpj, wsi/Wpi) = —Z(wz/wDi)[(l— Wi/ W+ 1.5, Ti/ W)G2 — (w,Ti/ )Gy and
P>(w/@pi, wei/Wpi) = —2(w/®pi)[(1— wuni/ W+ 1.50W.Ti/0)Gs — (w.Ti/ w)Gg] come from
the trapped particles dynamics and, introduding = 0.5( wsi/wpi ) (£1+ \/1+ 4wwpi /oogi),
can be calculated from:

_C_UDi/CUBi _ _C_UDi/CUBi 2 A2 3 A3
= a0, MZ(Q) - QZ(Q)] . Ga= g Tan Q1 - Q5+ Q12(Q1) - Q32(Q2)]
Go = VB [(1/2)(0% - 03) + 0 - 04 + OZ(Q1) - QZ(2)]
Q1+Qp
The circulating particle response enters the functngv/wri) andN; (w/ wrj), with
D1(X) = (1~ wni /@) XZ(X) — XX+ (x* — 1/2)Z(x)] (@s7i/ @) (6)

Ny =22 { (1= 20 ek (1/2:008)200] — T (x(1/2:0€) + (1/4-0E)Z] |, (7)

while the modified circulating ion response due to finite trapped patrticle fraction is given by

X [® y (X+V2EY\ [, @Wni @Tif, 3
aD1(0) =~ [ e (LY ) (1 =S (v ) oy ®)
le/le -~y X+ +/2€y Wi WT _§

AN (x) = /2 / yein ( —\/2¢ey W o V72 dy - ©)

Given the framework of Egs. (2) to (9), the general expressidxtaf Eq. (1) is obtained as [1]:
w? Wwwh o
NJlp = — (1— N ! P, — @i, Wi, Wri 10
/o= w§< w*pl/w)"i‘ Clr+wAle @[PS‘F( » — P3)S(w, Wpi, wai, wri)] (10)

where the last term on the RHS represents the trapped particle contributiorRsyitficop;,
wgi/Wpi) = —2[(1— wni/ w+ 1.5w,Ti/ 0)Ge — (w,Ti/ w)Ggl and
_ Gpi/ wsi
Q1+ Q
Meanwhile, the circulating ion response, inclusive of its modification due to finite trapped parti-
cle fraction, is accounted for byZ,, which reduces to the prior result with circulating particles
only [2] and, in the more general case analyzed here, is given by [1]

e %) (e (2) o (2))-22(c(2)
() -2 ((2) o (2)) s omnen]

with the functionsF (x), G(x), AF (x) and AG(x) defined asF (x) = x (x2+3/2) + (x*+x?
+1/2)Z(x), G(x) =X (X* +x2+2) + (x®+x*/2+ X% + 3/4) Z(x),

AF(X) | 1 [~ L, [(X+V2ey\Y 1
{Aew}‘mfoey'”( ) {y—s/z}dy' -

(3/4)(0F-0) + (1/2)(01 - 03) + 0f - 0§ + 0]z(Q1) - 052(Q)| -
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Relevant limiting cases and discussions.

The general expression fa@x, Eq. (10) obtained in this work [1], can be readily used in
connection with Eq. (1) for analyzing a number of kinetic stability problems involving SAW,
MHD and Alfvénic drift-wave turbulence (DWT). For very low frequencjaes < wkg; it is easy
to show that the limit of Eq. (10) is [1]

N2Jlo ~ (@2 wR) (1— w,pi/ ) <1+ (15/16)v/20%e1/2 + O.5q2> . (13)
The result of Eq. (13) can be compared with that by Graves and Hastie [3]:
A? = (%) wB) (1— wipi/w) (1+ 1.697 Y2 +0.5¢7) . (14)

The difference between the factor$ and(15/16)+/2 ~ 1.3 in the two equations is due to our
simplified treatment of all particles as deeply trapped/well circulating.
The high frequency (fluid) limit can be obtained foy| > wrj in Eq. (10), which gives [1, 2]:

N = (0 /af) [1- (7/4+ 1) o (wfi/ )] . (15)

This result on the SAW continuous spectrum accumulation pdint () at low frequency
shows that trapped particles do not appreciably alter the dynamidsofors |wsi|. In fact,

they introduce at®(¢) frequency shift, whereas they provide the dominant contribution to the
plasma inertia at low frequency fow| < |wgi| [3]. These considerations are readily extended
to GAM, by invoking the degeneracy of BAE and GAM spectra in the long wavelength limit
(A =0andw,pi = 0) [5, 6, 12]. Based on our present findings, we may conclude that the GAM
frequency shift due to trapped particlesdés).

Our results show that the kinetic layer thermal ion response in the Kinetic Thermal lon (KTI)
gap frequency range [6] is dominated by geodesic curvature, i.e. by transit and/or precession-
bounce resonances. Thermal particle precession resonance enters mainly via the non-vanishing
“flute-like” component [k qRo| < 1) of the parallel electric field, which is negligibly small at
|w| > |wpi|, |wpe|. Moreover, it is evident that kinetic treatments of the thermal plasma com-
ponents are needed for a realistic description of thermonuclear plasmas, where SAW, MHD and
DWT will characterize complex behaviors mediated by their mutual interactions.
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