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Alpha particles in inhomogeneous electrostatic fluctuations
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In a tokamak plasma large electrostatic fluctuations have been measured near the

plasma edge [1] and reduced fluctuations at internal transport barriers in the plasma
body [2]. We consider an electrostatic plasma with different amplitude fluctuations in
separate regions of its domain. On this background we place charged particles. We hope
to shed some light on the behaviour of alpha particles in fusion plasmas [3].
The numerical domain is a Cartesian plane perpendicular to a uniform magnetic field.
The Charney-Hasegawa-Mima (CHM) equation [4] evolves an electrostatic potential in
this plane. A fixed density gradient in the x direction gives the characteristic length
−1
L−1
n in Figure 1(b), which causes a maximum drift velocity v∗ = (cTe /eB)Ln to form

at the centre of the x axis, flowing in the y direction. The L−1
n drives large amplitude
fluctuations of φ at the centre of the x axis. The x boundary conditions are v∗ = φ = 0,
while the y boundary is periodic. The CHM equation is solved spectrally in the y
direction, and both the x direction and nonlinear term are finite differenced [5]. By
seeding the box with 7 and 11 wavelengths along y, the CHM equation produces the
fluctuations in Figure 1(a). This is taken as the initial background state for this study.
The initial state can be used as a frozen background on which particles move, or it can
be evolved in time using the linear as well as the nonlinear CHM equation.
On this background 4000 test particles are placed, each with the charge-mass ratio
of alpha particles. The test particles sample the background field, with no back reaction
on the electrostatic field. The particles are not aware of each other. Instead of the usual
guiding centre approach [6], the full Lorentz equation is solved using the Borris particle
integrator method [7]. The initial positions and distribution of particles are given in
Figure 2. The particles are initialized with the velocity v0 = v⊥ + (E × B)/B 2 , which
are the gyro-velocity of each particle around its guiding centre, and the local E × B
velocity. After initialization the Larmor radii (ρα ) are free to change in response to the
local forces acting on the particles. The diffusion coefficient can be written in terms of
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the variance σ, namely D(t) = σ 2 (t)/2t, when a normal distribution is substituted into
the diffusion equation. By sampling the instantaneous distribution of the particles, we
can quantify particle diffusion in the x direction.

Figure 1: The initial background electrostatic field φ (a), and the non-evolving L−1
n =
(1/n0 )dn0 /dx profile (b), where ρs = (sound speed)/(ion cyclotron frequency).

Figure 2: Initial (a) positions and (b) x distribution of particles.
Figure 3 gives the time evolution of the variance for a frozen background field. For
initial Larmor radii ρα ≤ 1.5ρs and ρα ≥ 3ρs , two rates of change in the variance are
observed. The first (faster) rate occurs when all particles sample large ∇φ at the centre
of the x axis, while the slower rate, measured later during the numerical runs, occurs
when a significant fraction of the particles have reached the quiet regions near the x
boundaries where ∇φ is small. When the variance is not normalized, measurements show
that particles initialized with the largest ρα spread most into the quiet regions. This is
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Figure 3: The normalized variance [σ 2 (t)−σ 2 (0)]/σ 2 (0) as a function of time for different
ρα initializations against a frozen electrostatic background field. The different initializations are labeled as follows: (a) ρα = 0, (b) ρα = ρs , (c) ρα = 1.5ρs , (d) ρα = 2ρs , (e)
ρα = 2.5ρs , (f) ρα = 3ρs , (g) ρα = 4ρs .
because particles are pushed along the x direction while they sample large electrostatic
fluctuations at the centre of the x axis. The larger ρα , the further they move into the
quiet regions while sampling large ∇φ. The numerical run with initial ρα equal to the
background vortex radii (Figure 3 curve (c)), shows that although particles are captured
by vortices [8], eventually most of them escape and diffuse into the quiet regions.
By considering the change in variance when all particles still sample large ∇φ (near
the start of runs), we can compare our results directly with those of Manfredi and
Dendy [9], who used the guiding centre particle approach in homogeneous background
turbulence. Figure 4 shows that when ρα is less than the vortex radii of the background,
diffusion rates are inhibited by an increase in the finite Larmor radii of the particles [9].
The frozen background has the lowest diffusion rates, while the nonlinear time-evolving
background has the highest diffusion rates. Finite Larmor radii allow particles to jump
the contour lines of the background field, and when the background field evolve with
time (linearly and nonlinearly) the changing potential assists in this process. All runs
have the lowest change in their variance when ρα is approximately the same size as the
radii of the vortices in the background field. When ρα increases further, the particles
move faster around their guiding centres (as the cyclotron frequency is a constant) and
the effective local electric field sampled by the particles is reduced.
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Figure 4: Gradient of σ 2 at t = 2Ln .cs−1 . Solid line with solid circles: results with frozen
background; dot-dashed line with double circles: results with linear time-evolving background; dotted line with open circles: results with nonlinear time-evolving background.
The Manfredi-Dendy [9] result (multiplied by 0.1) is dotted line with stars.
The linear and nonlinear time-evolving electrostatic background fields give similar
results to those of the frozen background field (Figure 3). By employing the full Lorentz
force on the particles, we have obtained the finite Larmor radius results in the literature, where the guiding centre approximation for the particles was used. We have also
extended the diffusion study to cases where the finite Larmor radii are equal to, and
larger than the vortex radii in the background field.
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