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Cross-Field Plasma Acceleration and Potential Formation
in a Relativistic Magnetized Plasma
R. Sugaya
Department of Physics, Faculty of Science, Ehime University,
Matsuyama 790-8577, Japan
Abstract
It has been proved theoretically that particle acceleration along and across a magnetic field
and electric field across a magnetic field can be induced by almost perpendicularly
propagating electrostatic waves in a relativistic magnetized plasma.
1.

Introduction
Particle acceleration along and across a magnetic field and electric field across a magnetic
field which are induced by almost perpendicularly propagating electrostatic waves in a
relativistic magnetized plasma have been investigated theoretically based on relativistic
quasilinear transport equations derived from relativistic Vlasov-Maxwell equations1. The
electrostatic waves accelerate plasma particles and the ratio of parallel and perpendicular
drift velocities vs|| /vd can be verified to be proportional to k|| /k⊥ . As a result, the strong
plasma acceleration or transport across a magnetic field appears. Simultaneously the intense
cross-field electric field E0=B0×vd/c is generated via the dynamo effect of perpendicular
particle drift to satisfy the generalized Ohm’s law, that is , the electrostatic waves can produce
the cross-field particle drift that is identical to E×B drift2-4. Moreover, the relativistic
quasilinear transport equations for the relativistic cross-field particle acceleration were
derived by means of Lorentz transformation of the relativistic quasilinear momentum-space
diffusion equation in the frame moving with the cross-field drift velocity. They can be
applied usefully to the theoretical investigation of the relativistic cross-field particle
acceleration or transport which may occur possibly in space and fusion plasmas.
2. Nonrelativistic Cross-Field Particle Acceleration
2.1. Relativistic quasilinear momentum-space diffusion equation
We consider the nonrelativistic cross-field particle acceleration which arises from
quasilinear momentum-space diffusion due to electrostatic waves propagating in a uniform
relativistic plasma immersed in the uniform magnetic and electric fields B0=(0,0, B0) and
E0=(0, E0 , 0). The dielectric constant εk=1+∑sεk(s)=εk’+iεk”(εk(s)=εk’(s)+iεk”(s)) is obtained as
ωps2 ms ∞
Jr2(µk)Ur(k)gs0
εk(s) = − 
∑
∫dp

k 2 r =−∞ k||v|| + k⊥vd − ωk + rωcs
∂
rωcs ∂
Ur (k)= k||  + 

∂p||
v⊥ ∂p⊥

,
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∞
1
p ∂
gs = as ∑  pxm (− ds  )m gs0( p⊥ , p|| , t )
p⊥ ∂p⊥
m=0 m!

= asgs0(( p⊥2 − 2px pds)1/2 , p|| , t )

,

(3)

where p=p’+pds , p’=γsmsv’, pds=γsmsvd , γs=(1−v’2/c2)−1/2=(1+p’2/ms2c2)1/2 , Jr is the Bessel
function of the rth order, µk=k⊥v⊥/ωcs , ωps=(4πnses2/ms)1/2 , ωcs=|es|B0/γsmsc , px=p⊥cosθ+pds ,
py=p⊥sinθ , pz=p|| , p⊥=γsmsv⊥ , p|| =γsmsv|| , The momentum-space integration in Eq. (1) is
performed in the displaced cylindrical coordinate (dp=p⊥dp⊥dp||dθ), vd=(vd , 0, 0)=cE0×B0/B02
equals E×B drift velocity, vd/c<<1, k=(k⊥ , 0, k|| ), gs is the background momentum
distribution function containing the fluctuation-induced cross-field drift velocity vd=∫dpvxgs
and as is the normalization constant which is determined such that ∫dpgs=∫dpgs0=1. Equation
(3) is the solution of the unperturbed relativistic Vlasov equation
(E0 + v×B0 /c )⋅⋅(∂gs/∂p)=0

,

(4)

which leads to the generalized Ohm’s law for a collisionless plasma
E0 + v d×B0 /c = 0

,

(5)

by means of the momentum-space integration of Eq. (4) multiplied by p . This means that
E0=B0×vd /c is produced via the dynamo effect of the cross-field particle drift arising from the
acceleration due to electrostatic waves. Namely, vd=cE0×B0 /B02 is identical to E×B drift.
When vd=0 , gs is reduced to to gs0 being symmetric with respect to the magnetic field.
We can derive the relativistic quasilinear momentum-space diffusion equation by the same
manner as the previous works1-3 as follows:
∂gs
 = ∑ |Ek|2Qkgs0
∂t
k≠0

,

(6)

with the θ-dependent momentum-space diffusion coefficient
es2 ∞
e−i(r − n)θJr(µk)Ur(k)
Qk =Im[ 
∑
Y
(k)

]
k||v||+ k⊥vd − ωk + rωcs
k 2 n , r =−∞n , r
k
Yn , r(k) = Un(k) Jn(µk) + ⊥ (r − n) Jn’(µk )
v⊥

,
,

(7)
(8)

where Qk is expressed in the displaced cylindrical coordinate in the momentum-space,
and hence gs0 appears in the right-hand of Eq. (6) and Jn’ is the first derivative of Jn with
respect to the argument. The azimuthal dependence of Qk represents the anisotropy of the
momentum-space diffusion around the magnetic field and the resulting cross-field particle
drift in the k⊥-direction (x-direction).
2.2 Relativistic quasilinear transport equations
The momentum-space integration of the momentum-space diffusion equation multiplied by
ws= nsγs(1+ vdv⊥cosθ/c2)msc2 or ps=ns p leads to the relativistic quasilinear transport equations
as described in Refs.1-3. Thus the transport equations indicating the temporal development
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of the energy and momentum densities of magnetized particles of s-species are given by
∂U
s = −∑2γk(s)Uk
∂t
k≠0

,

∂Ps
2γk(s)k
Uk

= −∑ 
∂t
ωk
k≠0

(9)
,

(10)

where Uk=(1/8π)((∂εk’ωk)/∂ωk)|Ek|2 is the wave energy density, kUk/ωk is the wave momentum
density, Us=∫dpwsgs and Ps=∫dppsgs are the energy and momentum densities of particles of
species s , γk(s)=−εk”(s)/(∂εk’/∂ωk) (γk=∑sγk(s)) is the linear damping rate ascribed to particles of
species s, and Ps=(Ps⊥, 0, Ps|| ), Ps⊥=ns pds , Ps|| =nsγsmsvs|| . The transport equations (9) and (10)
predict clearly that the electrostatic waves can generate strong particle acceleration along and
across the magnetic field via their Landau or cyclotron damping.
The relation of Ps|| /Ps⊥
=k|| /k⊥ (Ps || k) is seen from (10) with Ps(0)=0 and implies that the small parallel and large
perpendicular particle acceleration appears simultaneously. Namely the same result as the
nonrelativistic case was obtained2-4.
In the absence of nonlinear wave-wave and wave-particle interaction the kinetic wave
equation for the electrostatic waves becomes
∂U
k =2γkUk
∂t

.

(11)

From Eqs. (9)-(11), as has been obtained similarly in the nonrelativistic case2-4, the
conservation laws for the total energy and momentum densities of waves and particles are
provided as
∂
 ( ∑Uk + ∑Us) = 0
,
(12)
∂t k≠0
s
∂
k
 ( ∑  Uk + ∑ Ps) = 0
∂t k≠0 ωk
s

.

(13)

It can be also verified by adding the appropriate nonlinear terms to Eqs. (9)-(11) that these
conservation laws hold in the presence of nonlinear wave-wave and wave-particle interaction.
3. Relativistic Cross-Field Particle Acceleration
Next we investigate the relativistic cross-field particle acceleration in a relativistic
magnetized plasma. The relativistic quasilinear transport equations in the laboratory
(stationary) frame of reference C with the electric field and the E×B drift can be obtained by
means of Lorentz transformation for the momentum-space integration of the relativistic
quasilinear momentum-space diffusion equation in the frame of reference C’ moving with the
E×B drift velocity vd . The stationary electric and magnetic fields E0’ and B0’ in the moving
frame of reference C’ are deduced from Lorentz transformation and are given by
E0’= 0
where γd=(1−β )

2 −1/2

,

and β=vd/c .

B0’=B0 /γd

,

(14)

In the moving frame C’ the stationary electric field
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vanishes and hence no E×B drift exists.

Further the relation of the frequencies and wave
~
~
~
(or
numbers in C and C’ is represented by k⊥ = γd(k⊥ − βωk /c) , k|| = k|| , ω~ = γd(ωk − kdvd)
k
~
~
~
~
~
k⊥= γd(k⊥ + βω~ /c) , k|| = k|| , ωk = γd(ω~ + k⊥vd) . The electrostatic waves propagating in C’
k
k
~
~
~
become electromagnetic in C, that is, Ek=(E~x’ , 0, γdE~z’ ) and Bk=(0, −βγdE~z’, 0).
Thus the
k
k
k
similar relativistic quasilinear transport equations in C can be derived as follows:
∂URs

= − ∑2γ(s)
Rs URk
∂t
k≠0

,

(15)

(s)
∂PRs
2γRk
k
 = − ∑ 
URk
,
(16)
∂t
ωk
k≠0
,
~
where URk=(1/8π)(∂(εRkωk)/∂ωk)|E~|2 and kURk/ωk are the effective wave energy and momentum
k
densities in C, respectively, URs and PRs are the energy and momentum densities of particles of
~
,
,,
(s)
species s in C, respectively, E~ is the wave electric field in C’, and εRk =1+ ∑sεRk
= εRk + iεRk
k
is the dielectric constant in C’ which is expressed in terms of k and ωk .
That is, εRk is
obtained by means of replacement of k⊥ → γd(k⊥ − βωk /c) , ωk − k⊥vd → γd(ωk − k⊥vd) and ωcs →
(s)
= −ε”Rk(s)/(∂ε’Rk /∂ωk )
ω’cs =ωcs/γd in εk of Eq. (1). The linear damping rate in C is given by γRk
(s)
(s)
(s)
(γRk =∑sγ(s)
When the linear kinetic wave equation holds, we also find the
Rk , ε Rk = ε’
Rk +iε”
Rk ).
same conservation laws as Eqs. (12) and (13).

4.

Conclusion
It was verified theoretically that particle acceleration along and across the magnetic field
and electric field across the magnetic field can be induced by almost perpendicularly
propagating electrostatic waves in a relativistic magnetized plasma. The relativistic
quasilinear transport equations show that the electrostatic waves produce strong particle
acceleration in the k-direction. Simultaneously the intense cross-field electric field E0=
B0×vd/c is created via the dynamo effect of the cross-field particle drift to satisfy the
generalized Ohm’s law. The obtained transport equations can be available for the theoretical
investigation of the relativistic and nonrelativistic cross-field particle acceleration and
transport which may occur possibly in space and fusion plasmas.
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